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A perturbation scheme is developed to study the far-field structure of waves 
in cylinders and plates. There exist four small parameters in the problem: 
the first gives waves of small but finite amplitude; the second is the reciprocal 
of a Reynolds number and represents viscous effects; the third is the ratio of 
the radius of the cylinder to an axial length, or of the thickness of the plate to 
an in-plane length, and represents dispersion; the last parameter is used to 
stretch time so that the description sought is an asymptotic one. The highest 
order problem leads to known longitudinal waves in rods and extensional 
waves in plates. The terms next in order lead to the equation describing the 
structure of these waves, its generality depending on the similarity hypothesis 
made. The most general result is a generalization to any number of dimensions 
of the B.K.D.V. equation, obtained by giving equal weightage to the four small 
parameters. Some self-similar solutions of these are discussed which exhibit 
the structure of these waves. 
Study of waves in nonlinear continua has received tremendous attention 
recently. The concept of a wave as a repetitive or periodic phenomena ceases 
to be of as much value in nonlinear problems as compared to its use in linear 
problems; thus Fourier analysis plays little role in these studies. A view that 
has proven extremely fruitful is that of a singular surface, defined to be a 
moving surface across which at least some of the field variables or their 
derivatives suffer discontinuities. Applying compatibility conditions [l] to 
the field equations, one can obtain the equation determining possible speeds 
of propagation; if this speed depends on the amplitude of the wave, then the 
singular surface is a “shock-wave”; if the speed is determined in terms of the 
state ahead and the geometry of the front, it is a weak wave. Combined with 
the ideas of ray theory [2-41, one can study completely the growth of the 
amplitude, even in the presence of anisotropy and nonhomogeneity. 
1 This work was done in partial fulfillment of the requirements for a Ph.D. 
at Iowa State University (1970) and the dissertation may be referred to for details. 
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However, this concept of a wave as a singular surface, which forms the 
basis of a large number of current studies of nonlinear waves, has a severe 
limitation: the basic field equations must be hyperbolic. A large number of 
nondispersive nondissipative continua do fall under this category. Materials 
with fading memory [5], and inviscid but thermally and electrically conduct- 
ing gas in magneto-gas-dynamics [6, 71, are examples of dissipative materials 
where this theory is applicable. But this approach proves to be of little use 
for viscoelastic materials of rate type and for a viscous gas. A second serious 
and important limitation of this theory is the difficulty of satisfying boundary 
conditions; studies based on this approach are thus limited to unbounded 
media. The central aim of this work is to extend the method based on these 
concepts and on that of asymptotic expansions to study waves in bounded 
media even in the presence of certain types of dissipation and dispersion which 
disallow the existence of a singular surface. 
Though the first derivation of Burgers’s equation [g] for a viscous gas 
relied on a number of physical arguments, its subsequent derivation by the 
use of asymptotic expansions [9] relied less on physical arguments which 
were allowed to follow from the structure of the expansions. There is another 
remarkable feature (which does not appear to have been noted) of these 
expansions: relations that persist among the field variables (viz; velocity, 
density, and temperature in far-field description) are exact counterparts 
of those obtained by applying compatibility conditions to the highest order 
terms. A basic inference implied in these observations is that the highest 
order terms (governed by a lower order differential system) provide the domi- 
nant part of the disturbance and the lower order terms (given by higher order 
derivatives) provide the “structure” of the disturbance [lo, I I]. This recogni- 
tion provides a key to the development of the method which exploits the use 
of all the theory of Singular Surfaces and of ray theory in combination with 
that of asymptotic expansions. In an appropriate nondimensional form, one 
writes the field equations in a way such that the highest order terms are given 
by a differential system of the lowest order; application of singular surface 
theory and ray theory to this system determines the speed and the geometry 
[4] of the wavefront; a coordinate system is then introduced to study the 
vicinity of the front for large times; a self-consistent asymptotic expansion and 
an appropriate similarity hypothesis then lead to the equation governing the 
structure of the wave. This view allows the study of a wave of arbitrary form 
in the presence of anisotropy and nonhomogeneity [12-141. 
Nonlinear dispersive waves have been known for a century in water-wave 
theory [ 151; these have retained interest even up to the present as evidenced by 
the large number of recent studies [ 15-191. The studies are all limited to strict 
one-dimensional problems. The basic idea has been to seek a perturbation 
expansion about the linear nondispersive wavefront; an expansion in an 
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appropriate Galilean frame leads to the Korteweg-De Vries equation. Cnoidal 
and solitary waves are the particularly interesting solutions of this equation. 
Study of the analogs of these in solid mechanics is singularly lacking. 
Elastic rods, plates, and shells provide the simplest of examples of such 
studies. There have been a number of viewpoints in formulating theories 
of elastic deformations for such bodies. In the physical space of three dimen- 
sions, these bodies are characterized by one basic feature: their extension 
in one or two dimensions is large compared to that in the remaining. One 
view has been to define an appropriate deformation and force (stress) and then 
postulate a constitutive law; there can be more than one deformation, either 
all based on displacement vector, such as changes of curvatures, or some based 
on new field quantities such as directors; one thus introduces corresponding 
forces or stress tensors appropriate to the problem [20]. Another approach 
to derive theories of deformations for these lower dimensional bodies has 
been to take, as a starting point, a given three-dimensional theory; one may or 
may not invoke a partial knowledge of the deformation [21,22] ; the equations 
for rods, plates, and shells are then obtained by integrating, across the cross 
section, either directly or from some variational principle. 
The present study is based on another approach first initiated by Friedrichs- 
Dressler [23]. Here one first postulates a typical length L, (axial for the case 
of rods and an in-plane one for plates); the ratio of a typical cross-sectional 
length (thickness for plates and shells and cross-sectional ength for rods) 
with L, is now assumed to be small. Based on this ratio as a small parameter 
of the problem, equilibrium theories for plates and shells fol.low from an 
appropriate expansion procedure [23-261. This approach has a number of 
advantages. Firstly, it reproduces the known theories of rods, plates, and 
shells, which were more or less ad hoc in nature; secondly, given any three- 
dimensional theory of a continuum, theories for lower dimensional ones 
follow from it, thus avoiding introduction of additional deformations, forces, 
and material constants (functions) separate for each problem; lastly, it pro- 
vides a distinct possibility of developing higher approximations in a systematic 
and consistent way. Being common to other fields of mechanics, one thus 
has comparable phenomena arising in various apparently distinct fields. 
Solitary waves for rods and plates that are predicted in the present study 
are such results, completely novel to solid mechanics. 
Extension of these ideas to waves in linear elasticity has been quite recent 
[27-291. For a circular cylindrical rod, the method produces not only the 
known wave equation and Rayleigh’s correction for lateral inertia but also 
the higher approximation giving the effect of transverse shear [27]; for exten- 
sional waves in plates it again yields the known wave equation for plates and 
provides Rayleigh-type correction; for torsional waves in a rod of elliptic 
section, even the highest order problem yields a result unknown in the litera- 
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ture: the wave speed is not (p/p) rj2 but is [(~/p)l/~ (2ub)/(as + bs)] where p 
is the shear modulus, p the density, and a, b are the semiaxes of the ellipse. 
These results in themselves suffice to indicate the potentialities of such an 
approach. Furthermore, for longitudinal waves in a circular cylindrical rod, 
in nonlinear elasticity, one gets the Korteweg-De Vries equation [30]. 
The object of the present study is to extend these ideas to dispersive dissi- 
pative waves for viscoelastic materials of the rate type. As some of the new 
results obtained suggest one can reproduce Burgers’s equation and the 
Korteweg-De Vries equation for more than one dimension as particular 
cases and the combined Burgers’s-Korteweg-De Vries equation in full 
generality. Such an equation is believed to be completely novel for any field in 
mechanics. 
2. STATEMENT AND FORMULATION OF THE PROBLEM 
The object of this paper is to study extensional waves in rods and plates. 
Though the general approach is as well applicable to other types of waves 
and other geometries of a wider class, attention is limited here to the axially 
symmetric problem. This allows the problem to be ultimately dependent 
on a single spatial variable. 
It is postulated that a disturbance is introduced, whose dominant character- 
istic is longitudinal. The purpose is to study the ultimate structure of the 
disturbance. As is well-known in linear isotropic elasticity, a single mode, 
either a dilatational or a shear wave, on impinging on a free boundary, 
produces both shear and dilatational waves. The cylindrical boundary of the 
rod and the plane boundary surface of the plate are taken to be free. Thus, in 
the initial stages, the repeated reflections from these free boundaries modify 
the disturbance radically; the disturbance does not travel with either of the 
standard dilatational or shear wave speeds; it indeed travels with standard 
known speed either of longitudinal waves in rods or with that of extensional 
waves in plates. The perturbation expansion must produce these speeds as the 
appropriate speeds. Next, the disturbance may be initiated in various ways; 
if the rod is taken as a semi-infinite one, it may be due to the application of a 
pressure on the plane end; for a plate with a circular hole, the pressure on the 
hole may introduce the disturbance. The interest in the present work lies 
only in the ultimate evolution of this disturbance; so the initial disturbance 
may as well be taken to be that of a canonical problem [31], viz., initiation of 
a sudden impulse at a point. In any case, the initial evolution is a full three- 
dimensional problem and is not dwelt upon here. The basic mechanics of 
the reflection from the free boundaries transforms the disturbance into one 
with universal character. It is to the study of this ultimate form that this 
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work is limited. It may be worth noting that a large part of water-wave theory 
is a study of this type. 
The free-boundary reflections not only modify the speed of the wave but 
also cause dispersion; the method of expansion must produce this feature 
too. 
A further important characterization of these waves suffices to formulate 
the needed principles. The waves studied are waves of small but finite 
amplitude. These are indeed obtained by perturbation about the linear 
wave. 
To begin with, all lengths are measured in terms of a standard length L, , 
identified as the axial length for the circular cylindrical rod and as an in-plane 
length for the plate. The radius of the cylinder a or the thickness of the plate 
2h are thus the ratios of the actual radius of the cylinder or half-thickness of 
the plate and this typical length. The assumption that these parameters are 
small then embodies the concept of a rod or a plate. A caution is needed in 
not indentifying the typical length L, with the length of the rod or plate, even 
when it is finite; so long as reflections from the ends are not considered, the 
wave is unaware of the presence of the other end. Another commonly accepted 
concept is that of a wavelength; this concept also, if taken in the literal 
sense, cannot be appropriate either in the case of pulse propagation problems 
or in the case of nonlinear problems. An acceptable interpretation of this 
length can be taken as the one across which significant changes in the field 
variables can occur; even a wavelength in a nonlinear problem has to be 
interpreted in this way. Further it embodies the basic assumption that the 
study is limited to waves of small but finite amplitude. If the length L, is of 
the same order as the radius or the thickness, then the wave is really a “shock 
wave,” in which case the present approach is invalid. There is still another 
interpretation acceptable in elasticity; it is the interpretation of this length 
as the length that is traversed by the disturbance. This gives a physical 
embodiment to the mechanics of repeated reflections from the boundary in 
modifying both the speed and the structure of the disturbance as it travels 
down the rod. This can also be regarded as another statement of Saint- 
Venant’s principle in the sense that the far-field disturbance is oblivious of the 
details of the initial disturbance but is only aware of its gross characteristics. 
After using such a length as a standard unit in terms of which alllengths 
are measured, one introduces a typical speed q, , given by co2 = MO/p0 , where 
MO is a typical elastic modulus and pa is the initial density. This modulus is 
always chosen in such a way that the nondimensional speed of the wave in 
each later problem reduces to unity. Time is then measured in units of 
(co/LO), which necessarily implies that the description being sought is that of 
the far-field. All the stress components are measured in units of the typical 
elastic modulus. Let j& be a typical viscosity; then (I;;$p,,c,,) is the “viscous 
666 NARIBOLI AND SEDOV 
length”; the ratio of this to the typical length L, , denoted by 6, is the reci- 
procal of a Reynolds number. The viscous terms in the constitutive law are 
multiplied by this parameter 6, assumed small. Thermodynamic effects are 
not considered here; they can be included trivially as in other problems [13]; 
they affect only in modifying the constant in the final equation. The disturb- 
ance is assumed to move into a medium at rest. For the problem under 
consideration it suffices to take second-order elastic terms and the first-order 
viscous terms. 
With the above assumptions, the basic equations are 
p’ = (1 - 28’ + 491’ - s$)i/a, 
t;j,j = p’adJ, 
t&. = (MY + h,B’2 + I#) Sij + (2~ + 2nd) eii + 4pe&j 
+ S(XFSij + 2tCi d j)j), 
(2.1) 
(2.2) 
(2.3) 
where Cartesian tensor notation is used. 
Here p’ is the density, tij is the stress tensor, ai’ is the acceleration vector; 
all quantities are nondimensional. Further 8’, v’, 4’ are the first, second, and 
third invariants of the spatial (Eulerian) strain tensor eij , and dij is the rate of 
deformation tensor, these being defined in terms of the displacement vector 
uir by 
2eij = u;,j + ui i - u; & j , , . 2d,‘$ = v;,~ + v;,~ ,
(2.4) 
The smallness of the disturbance is now made concrete by assuming 
ui’ = EU~ where .S is a small parameter, unspecified at present. After cancel- 
ling an E, assumed nonvanishing, one can write the equations of motion as 
t,j,j + ET$~,~ + S7ij,j = ai + cAi . (2.5) 
The full expressions for these are easily written down. It is most important 
to note that the highest-order terms, obtained by setting E = S = 0, give 
just the problem of linear elasticity. 
Lastly for the boundary condition to be satisfied on the free surface one 
has 
(tij + cTij + kij) nj = 0. (2.6) 
It is crucial to remember that these are to be satisfied on the deformed 
boundary. 
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Finally, it is to be noted that all terms are written only up to the order 
needed. 
3. SOLUTION OF THE PROBLEM 
Longitudinal Waves in a Circular Cylindrical Rod 
Referred to a cylindrical system of coordinates (r, 0, .z) let the displacement 
vector be [u(r, x, t), 0, W(T, x, t)]. Then the relevant equations can be written 
as 
Lt+cLT+SLT=$+A,, 
(3.1) 
Mt+eMT+SMT=f$+A,, 
where 
at Lt=3gI+U+-E, at Mt = + ; (rtrs) + -$- , etc. 
Y 
au u a20 aw 
e 97=-Y -- & eee = 7 , e ZB - az t erz = 7 az l ("+&+ 
E,, = - ; ($)’ - + ($)‘, EBB = - + (t)‘, 
E,, = - + (2)” - + ($)‘, 
409/32/3-14 
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Indices for the stress tensor in the above must be identified with (r, 6, z) 
as (1, 2, 3). Lastly A, , A, are given by 
(3.1) 
with 
The above results can also be used for the plate problem. 
The boundary conditions for the rod are given by 
( au au tw + E T,, - art,, - az t,, 1 + 8~~~ + a.. = o 
t,,+r ( 
au au 
T,,-artm-aztZZ +~T~~+-.=-o 1 
(3.2) 
on r - a - cu = 0. 
The differential equations and the boundary conditions for the highest 
order terms are those of linear elasticity. 
The procedure now is to transform the radial coordinate so that the new 
coordinate is of order unity [23]; this is achieved by setting r = aR. Each 
function is then assumed to have an expansion of the form [15-19, 23-301 
f = C any. 
0 
(3.3) 
The number on the top denotes the order of the term; thus y)denotes a 
term of the nth order. Using these expansions one is lead to a succession of 
problems of different orders. For the linear problem it is now found that the 
solutions for even order (w, t,, , tss , t zz ) and odd order (u, trl) are coupled and 
so also are those for odd order (w, t,, , toe , t,,) and even order (u, t,.,); but 
the first set is completely independent of the second one and both are iden- 
tical. If the axial displacement is the dominant one, it may be required to 
remain finite in the limit of vanishing radius. Thus the first of the above set is 
more physically acceptable. Of course for a linear problem, a more general 
solution can be obtained by superposing the two solutions. Though in the 
nonlinear case, such a splitting into two sets may not necessarily be true, it 
certainly is one of the solutions; further, more crucially, the description 
sought is through perturbation of the linear wave. Based on this latter reaaon- 
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ing, a method common to problems in other fields, the first two terms are 
taken over from the linear problem [27] as 
w = F(x, t) + l&R, z, t) + -** 
u=-uuR~+u3%R,z,t)+... 
(3.4) 
and expansions for other field quantities obtained from these. 
It is found that the equation governing F is a wave equation with a speed of 
propagation GO = (Es/p,) rj2, where E,, is the Young’s modulus. It is to be 
noted that these highest order terms coincide with the known results. Choos- 
ing now the typical modulus as the Young’s modulus and standard velocity 
based on this, one can take GO as unity. 
Proceeding to the next approximation Xne obtains, in the linear problem, 
the same wave equation for G(z, t) with w = 4 uR~(~~F/~Yz~) + G(z, t), but 
the equation is now nonhomogeneous with a fourth derivative of F as a 
source term [27]. Th is indicates the breakdown of the perturbation scheme 
and shows that the problem is one of singular perturbation. In order to seek 
a solution valid for large times, new coordinates are introduced as 
2 = z - G,,t, T = at (3.5) 
where (Y is another small parameter, unspecified at present. 
This new system is such that the observation is shifted to the vicinity of 
the wavefront for large time. In this reference system, one gets 
2 
~=~$+G(z,T) 
I?=-Ra 
( 
Ra(1 - 2a2) + (1 - 20) (20~ - 3) a3F 
8(1 - u) ) 3-F (3.6) 
with u as the Poisson’s ratio and 
“=2(1L~ -X,(1 - 2u)2 + Zu(2 - u) + 2mu( 1 - 2u) - 4u9, 
do = (1 - 2u) x - 2u@. 
Use of these leads to an equation with terms multiplied by E, 8, and aa, the 
terms in Go vanishing. The most general solution is now obtained by making 
the similarity hypothesis that all these smallness parameters are of the same 
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order; discarding a constant multiplier, without loss of generality, all these 
are assumed to be equal. This leads to the equation being sought: 
(3.7) 
with 0~s and /Is as given in the Appendix. 
Extensional Waves in Plates 
This derivation is quite analogous to that of the rod. The important dif- 
ference consists in the novelty of the extension to more than one dimension. 
The wavefront here is a cylindrical one; thus the coordinate systems intro- 
duced later to obtain a uniform approximation for large times do not form a 
Galilean frame. The significance of this will show up in the nonexistence of 
“steady solutions.” 
In the same cylindrical coordinate system as before, the midplane of 
the plate is given by z = 0 and the undeformed plane faces by z = f h. 
For the types of waves considered the problem has symmetry about the 
midplane. The small parameter of expansion is h. That the plane faces are 
stress free in the deformed state is stated by 
t,, + E T,, - $ t,, - g t,., 
( 1 
+ 8~~~ ..a =o 
t,, + E ( T,, - 5 t,, - g t,,) + 8~~~ --a 
(3.8) 
=o 
on z - cw = h. 
From the nature of the problem u must here be of a higher order than w. 
The linear problem can again be shown to split into two sets; one consisting 
of even order (u, t,, , too , zz t ) and odd order (w, trz) is again taken as the 
appropriate one, since this gives a nonzero extension in the limit of vanishing 
thickness. With z = hZ, the expansions are seen to be [28] 
u =F(r, t) + ha:@, 2, t) + ... 
w=--hZ~+h3~(r.~,t)+.... 
(3.9) 
The highest order terms now lead to a wave equation for F with a speed of 
propagation (E,/p,(l - u~))I/~. Thus, taking the typical modulus to be 
&,/(I - us), the speed can be set as unity. To make the approximation 
uniform for large time, again a frame is introduced as 
X = r - Got, T = olt. (3.10) 
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This frame is not a Galilean one though it achieves the purpose of shifting 
attention to the vicinity of the wavefront for large time. An important conse- 
quence to be noted now is that 
1 -= 
Y 
& + O(G), 
0 
f = O(G). 
In this system the next in order terms are 
i = 2(1 B u) 22 ax2 = + G(X, T), 
,(,z+~- 1) z3 a3F 
z + 6(1 - u)” I- ax3 
2t,(1 - 20) a2F 
+ ’ 1 (1 - q ax2 
So(l - 2u) aF 2 
+ (I - q ax ( 1 
with so and to defined as follows 
lU 
so = 2( 1 + ,,“(l - u)” + 1 - u 
- &{“‘(l - w2 + 241 - 
(3.11) 
UaG UF ----- 
buax 1-d i 
20) + 4p2}, 
2t 
0 
= X(1 - 20) - 2@ 
l-u * 
Proceeding now along the same lines as in the case of the rod, the similarity 
hypothesis leads to 
aF a2F a3F 
- 014 - axw=pJm* (3.12) 
with 01~ and f14 as given in the Appendix. 
Here an important feature is to be noted. The first two terms in (3.12) 
represent the effect of time-dependence and curvature respectively; in the 
step before arriving at (3.12), one needs a similarity hypothesis between the 
various smallness parameters; here one finds that both of these first two 
terms are multiplied by the same small parameter ol used to stretch the time 
coordinate; thus if this is considered to be of smaller order, both these terms 
drop out. The two terms are therefore either retained or eliminated together. 
Thus a steady curved wavefront is impossible. The assumption that 01 is of 
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lower order does admit a steady but planar solution. Physically this means that 
ultimate profile which may evolve into a steady profile necessarily is planar. 
4. DISCUSSION OF THE RESULTS 
Denoting v = - aFlaX, the equation obtained in this study can be written 
as 
(4.1) 
Different cases are obtained from this by identifying the constants n, (II, 
j?, y correspondingly. The value of n is to be taken as 0, 1, 2 for planar, 
cylindrical, and spherical geometries (the last of which does not appear in the 
present). This is the most general form describing nonlinear dispersive and 
dissipative waves of small but finite amplitude. 
The wellknown Korteweg-De Vries (K.D.V. [16-191 equation usually 
appearing in the literature is formally obtained by putting /3 = 0, n = 0. 
Most of the K.D.V. equations derived are one-dimensional. Taking n = 1, 2 
leads to its generalization to two and three dimensions. Further setting 
formally y = 0 but /3 + 0 leads to the generalization of Burgers’s equation. 
A caution with regard to this formal argument is to be remembered. As 
particular cases are obtained above, the rigorous statement has to be that, in 
the process of derivation, these cases follow by assuming an appropriate 
similarity hypothesis. Thus a K.D.V. equation is obtained by assuming that 
01, E, and u2 (or h2) are of the same order while 6 = o(c). It is only in this sense 
that particular interpretations are to be understood in subsequent discussions 
[19, 321. 
No analytical representation for the solution of such a general equation 
appears to be known in the literature. However, a few solutions, some of 
which appear to be novel, are discussed below. 
Coming first to the one-dimensional (n = 0) Burgers’s equation (7 = 0), 
one can seek a solution of the formf(X - V,T). The equation then has an 
integral as 
(4.2) 
This is the analog of Taylor’s solution describing the effect of viscosity on a 
weak shock. Clearlyf-+ 0 far ahead of the front and f + (2V,/ol) as one moves 
far to the rear of the front. 
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For the general linearized Burgers’s equation, one has the similarity solu- 
tion: 
v = T-‘“f”‘l”fn($), &X- 
2TW ’ 
d”fm dfm 
y@- = -2mfm-2tdS, 
f0 = A + B erfc (43, d”fo fm = y@;;; *
Clearly m = 0 corresponds to Heaviside type initial conditions and m > 0 
to more singular initial distributions. These laws generalize Lighthill’s laws 
[33] of decay for dissipative cases. 
For the general nonlinear Burgers’s equation, a similarity solution of the 
same form can be exhibited with 
dff df df p= -2mf --25z+2fjg (4.4) 
but only with m = 1 - n. 
It does not appear to be possible to obtain solutions of this last equation. 
The standard Hopf’s transformation 
now leads to an equation 
This reduces to a linear one only for n = 0. Thus the transformation does 
not appear to be of any advantage for more than one dimension. Indeed 
Eq. (4.4) is more amenable for numerical study. 
Now let us consider the K.D.V. equation only. This is the inviscid dis- 
persive case, formally obtained by putting fl = 0. This is then a generalization 
of the K.D.V. equation to more than one dimension. Solutions for even this 
particular equation for the specialized case of one dimension do not exist. 
Though interesting studies of this equation do exist for n = 0 [34, 351, one 
does not have an analytical representation which exhibits all the properties. In 
particular it does not appear to be known thus far whether discontinuous 
solutions can exist. It is an established fact that dissipation disallows shock 
formation; it provides a structure to the wave of finite amplitude as exhibited 
earlier; no such conclusion appears to be known for the dispersive case. 
However some of the solutions discussed below appear to be novel. 
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Firstly, one can obtain the solitary waves. For the nondissipative (/? = 0) 
planar case (n = 0), solutions are sought in the formf(X - V,T); thenfmust 
satisfy 
(4.7) 
Imposing the condition of vanishing at infinity, one can get an integral as 
If, for a given material, y turns out to be negative, one need only reverse the 
sign off in Eq. (4.7) to get an analogous solution. Thus solitary waves always 
exist either for compressive or dilatational waves depending on higher order 
elasticities. By relaxing the conditions on f at infinity one obtains cnoidal 
waves. However this can be realistic only in an initially strained medium. 
The derivation in this study is for an unstrained medium; for an initially 
strained medium which preserves the axial symmetry of the problem, a 
similar equation can be expected to hold with 01, y depending on the initial 
strains in addition. Since f represents a strain, cnoidal waves are thus permit- 
ted in an initially strained medium. The prediction of the existence of these 
waves in elasticity is believed to be novel. 
Further, for the generalized linear K.D.V. equation one can have self- 
similar solutions again as 
(4.9) 
These solutions indeed are analogs of those proved by Lighthill for the 
dispersive case [33]. These further provide the “structure” of the linear wave. 
The case m = 0 represents the Heaviside loading initially. The sharp step- 
rise given by the classical wave equation is modified by dispersion; one now 
has a smoothed out profile, decaying exponentially ahead of the front, rising 
sharply across the classical front, and achieving the value in the rear in an 
oscillatory way. All these properties follow from the properties of the Airy 
function, Ai( noted above. 
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For the nonlinear K.D.V. equation, the earlier self-similar solution 
yields 
Analytical representations for these solutions do not appear to be known. 
The generalized B.K.D.V. equation appears to be still more intractable 
at present. However, the explicit solutions for some linear problems in the 
present work have quite a universal character; the use of initial conditions 
specifies them completely. They extend to dispersive and dissipative waves, 
results that are known for a hyperbolic system. It may further be noted that 
these solutions of linear problems play a crucial role for the problem of 
matching [9], The wave form in the present study is taken to be either planar 
or cylindrical; the solutions however are valid for the spherical case also. 
It may be interesting to note that the results are reasonably valid for arbitrary 
wave form with the following interpretation: if both of the curvatures are of 
the same order of magnitude and finite compared to E, the propagation is 
spherical; if one is finite the propagation is cylindrical; and finally, if both 
vanish or are O(E), then it is planar [12].It is thus not the magnitudes but only 
their orders with respect to E that are decisive in the law of decay. 
CONCLUSION 
The generalized B.K.D.V. equation describes the effect of dissipation and 
dispersion on waves of small but finite amplitude. Neglect of dispersion 
allows the existence of Taylor’s solution for a viscous shock layer while 
neglect of dissipation allows the existence of solitary and cnoidal waves; 
such steady solution (in some Galilean frame) exist only for one dimension. 
Their existence in rods and plates depends on elasticities and initial strains. 
Self-similar solutions exhibit the structure of these waves. 
APPENDIX 
For Rod 
013=ca(l -2u)+c,+l +2a, 
&3, = 441 - 20) + 2,q1 + o), 
1-u 
Cl = - - 2m(l + u) (1 - 2u) - 4p(l - CJZ), 2 
do = X(1 - 2~) - 2pu. 
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For Plate 
with 
2!70 -1 = 2h,(l 
- 
2u)2 -__ 21u 4dl 
- 
20) 
1 - Us 
+ 
(1 -u)” 
1 + 1 + * 
- u - u gp 
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